ABSTRACT. Let G be a finite metabelian group with all nonlinear irreducible characters rational. Then the exponent of the commutator group G' is a prime or divides 16, 24, or 40. If G' is also cyclic, then its order is a prime or divides 12.
1. Introduction. Let G be a finite group having all characters (over the complex field) rational. Markel [6] proved that if G is supersolvable then G has order \G\ = 2*33. In [4] Gow proved that if G is solvable then \G\ = 2'3S5\ and in [7] Vishnevetskij proved similar results if G is finite with some added conditions.
In this paper we assume that G is a finite metabelian group having all nonlinear (absolutely) irreducible characters rational. After proving a few preliminary results we prove, in §3, that the exponent of G' is either a prime or divides 16, 24, or 40. Assuming that G' is cyclic we prove, in §4, that \G'\ is a prime or it divides 12. In particular if all the characters of G are rational, then the results of this paper imply that \G\ = 2<3a. 2 . Preliminary results. Let G be a finite group. By a character of G we shall always mean a character over the complex field, and by an irreducible character we shall always mean an absolutely irreducible character. A character x of G is rational (real) if x(q) is rational (real) for all g E G. If K is a normal subgroup of G and a E G, then (a) and (aK) denote the cyclic subgroups of G and G/K respectively, and |a|n and \aK\o denote the orders of (a) and (aK) respectively. Also exp(G) denotes the exponent of G. If A is a group that acts on a group B then CA(B) = {x E A\bx = b for all b E B}. If the linear characters of a finite group G are rational, then G/G' is an elementary abelian 2-group. The above results give COROLLARY. The order of a finite metabelian group with all characters rational is of the form 2*3*.
We give an example of a metabelian group G with exp(G') = 24 and all nonlinear irreducible characters rational.
Let (o, b) and (x, y, z) be abelian groups with o8 = 68 = 1 and x2 = y2 = z2 = 1, and let G\ = (a, b) o (x, y, z), the semidirect product, with the action of (1, y, z) on (a, b) defined by ax = a~\ bx = b-\ ay = a5, by = b5, az = b, bz = a.
Then G\ = (a~ 1o, a2) and exp(G\) = 8. It is easy to show that all the irreducible characters of Gi are rational. Since all the irreducible characters of the dihedral group £>3 of order 6 are rational, the group G = Gi X D3 has all irreducible characters rational and exp(G') = 24. The group G2 = (a, b, x) with defining relations a2 = 64 = x2 = 1, ab = ba, ax = xa, and x-1bx = ab has all nonlinear irreducible characters rational and two linear characters complex. It is not known if metabelian groups G with exp(G') = 16 or 40 exist that have all nonlinear irreducible characters rational.
4. Cyclic commutator group. We prove THEOREM 2. Let G be a finite metabelian group with all nonlinear irreducible characters rational and assume the commutator group G' is cyclic. Then the order of G' is a prime or divides 12.
PROOF. From Theorem 1, if \G'\ is odd then \G'\ is a prime. Thus we assume \G'\ is even and prove our result by taking the case when \G'\ is a power of 2, and then the case when \G'\ is even but not a power of 2.
Assume that G' = (a) is cyclic of order 2s. Theorem 1 implies that s < 4. We shall prove that a < 2 by studying exp(Ä"(1)/G') which from Lemma 3 divides 4. Here K(l) = K((l)) is as in the notations of §2.
Assuming for some K(l) the exponent of K(l)/G' is 4, we get the following two cases.
(i) There is 6 in some K(1), |6G'|0 = 4 and b4 = 1.
(ii) There is b in some K(l), \bG'\0 = 4 and 64 = a2. Note that if 64 = a, then some nonlinear irreducible character of G is not real, and if b4 = a2 , t > 1, then setting be, = b~ 1a2
, we have o4, = 1, which is case (i). Assuming for every K(l), K(l)/G' is of exponent < 2, we get two additional cases.
(in) K(l)/G' is of exponent 2 for every K(l), and there is c in some K(\), \cG'\o = 2 and c2 = a.
(iv) For every K(l), K(l)/G' is of exponent dividing 2 and K(l) splits over G'. Note that if c2 = a2 , t > 0, then setting en -c~1a2 gives c2,, which is case (iv). Also (iv) includes the case where K(l) = G'.
We shall prove our result by studying separately each of the above four cases. Then there is iu G N(S\) such that w~*yw = yaf, f an odd integer. But then (yaf)4 = a4^ 7^ 1, a contradiction since y4 = 1. Thus a < 2.
Case (i). Let L = (a2) and pick K(L) D (a,c). Let x he a linear character of K(L) such that x(o)
Case (iii). With slight variations, the proof of this case is similar to case (ii) above in which c replaces b.
Case (iv). Assume every K(l) can be written as (o, ci,..., ct) with a2' = c2 = 1, t = 1,..., t. If a = 4 then by a method similar to case (ii), where a = 3, in which a replaces b, we get a likewise contradiction. Thus assume a = 3.
Since G' = (a), there are g and h in G such that g~1h~1gh = ae, e odd. (Without loss of generality we may take e = 1.) Thus h~xgh = ga. We also have g~ 1ag = aT and h~lah = a"', r and o odd integers. First assume r = 1. Then we may pick K(l) such that g E K(l) and hence either g2 = 1 or (gax)2 = 1, for some X. Exchanging g0 = gax for g gives h~lg0h = goaf, f odd. But (goaf)2 ^ 1, a contradiction. Thus r^ 1. Similarly a ?¿ 1. Thus r and er may take the values 3, 5, or 7 (mod 8). If r = o then letting ç/0 = gh we have gna = ago and get a contradiction as above. Thus t ?¿ a, and hence one of r, a, or to takes the value 5 (mod 8). Without loss of generality we assume r = 5 and a = -1 == 7 (mod 8). That is, we have g~xag = a5 and h~lah = a~1. Since h~lgh = ga we have (gaf = g2a6 and (ga)4 = g4a4.
Let L = (a4). Then g~lag = a (mod L), and thus we may pick K(L) such that g E K(L). This implies that either \gG'\0 = 2 or |gG'|0 = 4. Assume \gG'\0 = 2;
then we have g2 = 1, g2 = a2, or g2 = a4. Then the orders of h-1gh = ç/a and of g are not equal, a contradiction. Thus \gG'\o = 4 which implies g4 = 1, g4 = a4, or g4 = a2. Again in the first two cases, the orders of h~lgh = ga and of g are not equal, a contradiction. This leaves us with the only case g4 = a2. We have the following two cases: 
